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ABSTRACT. A general path-lifting theorem, which fails in the context of topo- 
logical spaces, is shown to hold for toposes, for locales (a slight generalization 
of topological spaces), and hence for complete separable metric spaces. This 
result generalizes the known fact that any connected locally connected topos 
(respectively complete separable metric space) is path-connected. 
In [MW] we proved that every connected locally connected topos E is path- 
connected, in the sense that the canonical map 
(1) e- E XS E 
given by the inclusion of the endpoints {O, 1} C I is a surjection (actually, we 
showed it to be an open surjection). Here I, the unit interval, is identified with the 
topos of sheaves on I, and 7 is the "path-space" of 6, i.e. there is an equivalence 
Homs (7, I) Homrs (7x s I, 6) 
of categories of geometric morphisms over the base topos S, which is natural in ;F. 
The aim of this note is to point out that a much stronger result can in fact 
f be proved. Let Z f E be a connected locally connected map of toposes, i.e. Z 
is connected and locally connected as an e-topos (intuitively, the fibers of f are 
connected and locally connected). We will prove that for every path a in 7 and 
points Yo,Yi of Z with f(yo) = a&(O), f(yi) = a&(1), there exists a lifting 3 E 7T of 
a with 3(i) = yi. More precisely, if we form the topos 
6I x(EX,E) (7 xs 7) 
of such triples (ce, Yo, Yi) by pulling back Z x5s Z E x5 E? along the map in (1), 
then the result can be stated as follows. 
f THEOREM 1. Let r f E be a connected locally connected map of toposes. Then 
the canonical map 
7,- EI x(EX,) 0, Xs 7) 
given by the map -I - 6' induced by f, and FI -? 7 xS 37 as in (1), is a stable 
surjection. 
For the special case of spatial toposes, or equivalently, for the case of spaces (in 
the generalized sense of e.g. [JT], otherwise known as locales!) we can do slightly 
better. 
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THEOREM 2. Let Y L X be a connected locally connected map of (generalized) 
spaces. Then the canonical map 
yI -- XI X(XxX) (Y X Y) 
is an open surjection. 
I conjecture that Theorem 1 can also be strengthened by replacing "stable sur- 
jection" with "open surjection." 
Finally, it may be worthwhile to state the more down to earth case of metric 
spaces explicitly. Recall that an open map Y f- X of topological spaces is locally 
0-acyclic if Y has a basis of open sets which intersect all fibers of f in a connected 
(if nonempty) set (See [MV]). We will see that the following corollary is just a 
special case of Theorem 2, with the base topos S taken as the category of classical 
sets. 
COROLLARY. Let Y f X be a 0-acyclic map of complete separable metric 
spaces, and assume f has connected fibers. Let Y' -* XI be the induced map 
of function spaces (with the compact-open topology), and let 
S = {(a, yo, y2)1 a: I -* X, a(0) = f(yo), a (1) = f(yi)} , 
topologized as a subspace of XI x Y x Y. Then the map 
Y, - SI 0 3- (f o 3 B0"N), N()) 
is an open surjection. 
PRELIMINARIES, NOTATIONAL CONVENTIONS. This note is written as a sequel 
to [MW], and we assume that the reader is familiar with that paper. All the basic 
results and the notation that we use here can be found in ?1 of [MW]. 
1. Reduction to the generic case. The only technically difficult thing to be 
proved is the following lemma. 
1. 1. LEMMA. Let Y 4 I be a connected locally connected map of a space Y 
into the unit interval I in the base topos S, and let yo E fl(?), yl E f'-(1) be 
two points of Y. Then there exists an open surjection 9 -* S such that in the topos 
9, f has a section I Y with s(0) = yo, s(1) = yi. In other words, there is a 
commutative diagram of toposes and geometric morphisms: 
g Xs {0, 1} (y?,y ) 
5 X s I 2 , f 
This lemma will be proved in ?2. 
1.2. PROOF OF THEOREM 1. Let . -4 E be a connected, locally connected 
map of toposes. It suffices to show that for any map 9 -- ' XIx se (i XS ) 
there exists an open surjection )( 9 and a map )1 -* 37 such that 
(1) 1 1 
9 &'E x(ex,e) (7 Xs ) 
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commutes. By working in 9, i.e. by replacing S by 9, we may assume 9 = S (the 
map F E remains connected locally connected after this change of base). So 
suppose we are given a map I a% E and two points xo, xi of 7, with f(xi) = a(i). 
Let Y g Y be a connected locally connected map, where Y is a space (identified 
with the corresponding topos Sh(Y)), as in [MW, ?1.6]. By extending S, i.e. by 
replacing S with S' where S' -* S is an open surjection, we may assume that in S 
there are points yo, Yi E Y with g(yi) = xi. Consider the pullback of toposes over 
S: 
Z d-d Y 
I --+~I 
h ir 
S l~~f 
(Z is spatial over S, since Y is spatial over S, so a fortiori over E.) Let zo, z1 
be the points of Z with j(zi) = yi, h(zi) = i. By Lemma 1.1 there exists an 
open surjection X -* S such that in X there is a map I Z with h o s = id and 
s(i) = zi. Composing with g o /8 and transposing, this gives the map X - F 
required in (1). 0 
1.3. PROOF OF THEOREM 2. Let Y f4 X be a connected locally connected 
map of spaces. It follows from Theorem 1 that 
YI- XI X(xxX) (Y x Y) = S 
is a stable surjection. To prove that Y' -* S is in fact open, one shows that the 
image of a basic open of the form AiJ=o1[(pi, pi+), Ui], where po = 0 < p < .< 
Pn = 1 are rationals and (Uo,..., U1) is a chain of opens in Y, is the open 
n-1 [(pi,pi+ ),f(Ui)]) x(xxx) (Uo x Un-1) of S. This is completely similar to 
[MW, ?2.7]. o 
1.4. PROOF OF THE COROLLARY. It is observed in [J] that an open map 
X -+ Y of topological spaces is locally 0-acyclic iff it is locally connected as a 
map of (generalized) spaces, or equivalently, as a map of toposes. If X and Y are 
complete separable metric spaces in Sets, then the corresponding locales O(X), 
O(Y) are countably presented, and hence so are the locales corresponding to the 
exponentials XI, YI, and the pullback XI x(xxx) (Y x Y) as generalized spaces. 
Consequently, these generalized spaces have enough points [MR], i.e. they coincide 
with the corresponding topological spaces. By these general facts, the corollary 
follows immediately from Theorem 2. 0 
1.5. REMARK ON PATH-CONNECTEDNESS. Note that by taking X = 1 in 
Theorem 2, it follows that if Y is a connected locally connected space, the map 
yI - Y x Y is an open surjection. This is the special case proved in [MW]. As 
explained there, the corresponding fact for toposes, stated in the first lines of this 
paper, follows easily (cf. [MW, ?2.1]). 
Similarly, by taking X = 1 in the Corollary, we obtain the old result of K. Menger 
and R. L. Moore, saying that all connected and locally connected complete separable 
metric spaces are path-connected (for references, see [MW]). O 
2. The generic case. We will now prove Lemma 1.1. A crucial preliminary 
result is the following. 
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2. 1. PROPOSITION. Let Y f4 X be a locally connected map of spaces, and let 
P be a presentation (a poset with a stable covering system) for X. Then there exists 
a presentation Q for Y such that taking direct images induces a function 
Q f -',P, Uh-*f(U)=3f(U) 
with the following property: Given a cover { of U E Q, and V E P with 
V < f(U,,) A f(Uf) for two given indices a and 3, there exists a cover W of V in 
P such that for each W E W there is a chain Uc, = U , . , Ucn = Ufi from Uc to 
Ufi in Q with W < f(Uci A Uci+1) for i = 1,..n - 1 (or more precisely, since P 
may not have meets, W < f(Ui) for some Ui E P, Ui < Uci A Uci+1). Moreover, 
if Y f4 X is also a connected map of spaces, we may take f-1(V) E Q for each 
f f(-) V E P, so Y -+ X is determined by the adjoint pair Q _ P. 
f-i 
PROOF. This is really a special case of Lemma 2.5 from [M]. But it can also 
be proved directly, by starting with a molecular presentation of Y, where Y is 
considered as an internal space in Sh(P). 0 
2.2. REMARK. Intuitively, the elements of Q are the opens of Y all of whose 
nonempty fibers are connected. Clearly, we cannot assume that Q is closed under 
unions of chains, i.e. we need not have (U, U' E Q) and Pos(UAU') => (UVU' E Q). 
It is easy to see, however, that when Q comes from a molecular presentation of Y 
in Sh(P), it has the following property. 
(1) If U, V E Q with Pos(U A V) and f (U A V) = f (U) A f (V), then U VV E Q. 
Moreover, it will hold that 
(2) ifUEQ, V EP andV < f(U), then UAf-1(V) EQQ. n 
2.3. Proof of Lemma 1.1. Let Y L I be a connected, locally connected map 
of spaces in S, and let P be the presentation of I by rational intervals. (As in 
[MW], we take (p, q) to stand for [p, q) if p = 0, and for (p, q] if q = 1.) Let Q be a 
presentation for Y as in 2.1, coming from an internal molecular presentation of Y 
in Sh(P); so (1) and (2) of 2.2 will hold. Thus f: Y -* I is induced by the adjoint 
pair 
f 
Q = P 
f-i 
and Q is molecular since P is (cf. also [M, lemma in ?4]). 
We now proceed in the style of [MW, ?2.4 and 2.5]. First of all, by replacing S 
by an (open surjective) extension S' -* S of S, we may assume that we have the 
following enumerations: 
(i) for each U E Q, (UL1(U)I n E N) enumerates the covers of U in Q; 
(ii) (Nn(yo)I n E N) and (Nn(y1)I n E N) enumerate the elements of Q which 
contain yo and Yl, respectively, 
just as in [MW, ?2.4]. 
We now build a tree T of pairs of finite sequences 
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where each (V1m,. .*VIrm )) is a chain in Q from yo to yl, and 0 = pOm < plm < 
* < Pm) = 1 are rationals, such that 
(a) for each m < n, {pm,...,pm>I c jp0,+l... Pkm+1)} and the chain 
(Vl+ ...,V,m41)) refines (Vlm,..., V'm )) accordingly, i.e. for 1 < i < k(m), 
1<j<k(m+1),(pm+1 jm+j)cpp(ptmpim)V1rM+l<Vim; 
(b) for each m' < m < n and each j < k(m), Vjm is contained in an element of 
U I (Vim) for each I < n, where i < k(m') is the index with (pj' 1 , pjm) C (pT' , PM); 
(c) Vlm is contained in N1 (zo) for each I < m, and Vk is contained in N(z) 
for each I < m; 
(d) given 1 < i < k(m), suppose pim+1 = +i 1 ' -+ = pM (so (p Ml+jl, p?m+l),. 
(P M+U1, i M+) are all contained in (pTI ,pr'), and accordingly VM+1 V ... V 
V!7m+ 1 < Vim (see (a) above)). Then Vm+1 < ViT, (unless j + k = k(m + 1), 
i.e. i = k(m)); 
(e) for 1 < i < j < k < k(m), f(Vim V . VVm) A f(Vjm+l V ... V Vkm) 
f RZVi MV ... V Vjm) A (Vjm+ V *** V Vkm)); 
(f) for i = 1,... ,k(m), [pTh1, pT] < f(Vim), i.e., there are rationals r,r', r < 
pTi' < pT < r', with (r, r') < f(Vim). 
We claim that by molecularity of P and Q, and by 2.2, 2.3 above, any pair of 
sequences satisfying (a)-(f) can be extended to a longer one. To see this, suppose 
we are given ((V1m, ... 
.,Vkm(m))m<n, (Pm, .... Pmm))m<n) as above. Cover each Vjn 
(j = 1, ... , k(n)) by a common refinement Wj of the covers Unl+1 (VT) (m < n, im < 
k(m) the index such that (pn 1pn) C (pT 1p Pi)). Choose W y Yo in Q such that 
W1 < some element of W1 and W1 < Nn+i(yo), and similarly choose Wk(n) 3 Yi in 
Q such that Wk(n) < some element of Wk(n) and Wk(n) < Nn+1 (yo). Wi and Wk(n) 
having been chosen, also fix for each of j < k(n) a Wj E Wj and a Wj+i E Wj+1 
which have positive intersection. This can be done by molecularity of Q. Moreover, 
we choose Wj and Wj+1 in such a way that there is a Uj E Q with 
(1) Uj < Wj and Uj < Wj+1 and pjn E f(Uj), 
since by (e) and (f), pjn E f (Vjn A Vjn+ ). 
y 
w W2 picture for k(n) = 3) 
' 1 
pn ? Pn Pn p =1 
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So 0 = pn E f(W1), p?n E f(Wj A Wj+1) (O < j < k(n)), and 1 = pn 
f (Wk(n)). Since f is an open surjection, there are for each j, 1 < j < k(n), opens 
Wj = 0il, . .. 103u =W 
in Wj such that (f(Oj),..., f(Ouj)) is a chain in P from pj top 
By Proposition 2.1 we can find rational intervals (q~j, ri),... , * ri.1) with 
P? 
.. 
n 
3-1_ < q-7 < r-7 < ..< qJ-7 < r j-1 < Pj (j= ,j k(n)), 
and for each s < uj a chain 
(2) oi= Or,',..., ,O,tj +1 
in W)j from O0s to 03+1 (s = 1,... , uj - 1) with (qj, ri) < f(O0-,t A 0i7 t+l) for each 
s < uj and t < t,,j. 
By 2.2(2), we can refine this chain (2) by letting 
A3 t Af (q7,t,rs,t) 1 < t < t8,j, 1 < s < u;, 
A3,= Ol A f1(pjL, r-7) =WjAf-(p> r ) 
A3 =i A f (qj, r + =A 1 < s < u;-1, 
A3 = A f 1(quj 1,p) = Wj A f-1 uj , lts3-1 U3 qu 
So now we have for each j = 1, . k. ,k(n) a chain 
(3)- A3 A3 A3 -A3 A3 A3 (3)i A~~1 1, A1,2i ... ., -1,tj 2 A21, A2,2, * .. *, uJj_l,tuj-l 
(V+, Vn 1 
To define ( .. 
,V(n+l1)) we take the chains (3)i, one after the other, but 
with an open inserted, to "glue" the (3)J-chain to the (3)j+1 one, as follows. Fix 
j, 1 < j < k(n), and choose rationals aJ, b3 with 
(4) riuj < aj < pn < bj < qj+1 and (aj, bj) < f(Uj), 
Bj = Uj A f-1(aj, bj), 1 < j < k(n), 
and define (V+l,. . . ,V(n+1) to be the chain 
(5) (3)1 Bl Bl (3)2 B2 B2 ...(3)k(n)-1,Bk(n)-l,Bk(n)-l(3)k(n), 
where (3)i abbreviates the chain in formula (3)i above. 
Finally, we define the rationals . Pk(n+1)), refining the sequence (poa.... 
pK()). For each j = 1, . . ., k(n) and s=1,..., u- 1, we have a chain (A3,t 1< 
t < t,j) over the interval (qj , ri), and we subdivide this interval into t,,j - 2 pieces 
accordingly: take rationals c. t: 1 < t < ts,j -1 with 
(6)3s qsi <, -i *<C,S2 < ri 
To refine (pn,... pkn())p we replace (pj7_1, pjn) for 1 < j < k(n) by 
(7)j (p_Ljbj_i 1(6)jj ... (6)ij,-,aj,pjn), 
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where (6)i abbreviates the (t8,j - 1)-tuple in formula (6)i above; for j = 1, j = k(n), 
we replace (p', p') and (Pk(n) -' Pk(n)) respectively by a sequence as in (7)j, but 
without the aj and the bj-1. 
This, finally, defines ((V1n+1,. 
..vn+)), (Pn+1,... n+1))) We leave it to 
the reader to check that (a)-(f) are indeed satisfied. 
After this rather tedious part of the proof, we can finish quite straightforwardly, 
just as in [MW]. By Lemma C of ?1.6 of that paper, there is an open surjection 
9 -5 S in which the tree T has an infinite branch. We replace S by 9, and work 
in g with this fixed branch: 
(Wim I ..,Vkm(m)) mE N, (Pmo Pm ***Pm)) mE N) 
Using this branch, we can define a map s: I Y of generalized spaces by the 
function 
8*:Q-* O(I), S*(U)=V{(pjm,p)j)lj j'and Vj+1 V.*VVj <U}. 
Then just as in [MW] it follows easily from (a)-(e) that 8* preserves A and V, and 
that 8(0) = yo, s(1) = Yi. (By condition (e), sups of the form Vj+l V * V Vjm are 
in Q (cf. 2.2)-this is used to prove that 8* preserves A. In [MR], sups of chains 
were automatically elements of the presentation.) 
Finally, we have to show that s is a section of f, i.e., f o s is the identity on I. 
But by condition (f), we have VU E Q s1- (U) = s*(U) < f (U), so in particular 
(8) VV E P (f o s)-8(V) = s81f-1(V) < ff-1(V) = V. 
But in any topos, the (formal) unit interval I is a Ti-space, in the appropriate sense 
of generalized spaces (see e.g. [F]), i.e. 
(9) for any pair X 8 I of maps of generalized spaces, 
VV E O(I) p-'1(V) < +-1(V) implies p = 0. 
So for our particular case we conclude that f o s = id. 
This completes the proof of Lemma 1.1. 
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